This paper presents a theory for characterization of the blowout bifurcation by periodic orbits. Blowout bifurcation in chaotic systems occurs when a chaotic attractor, lying in some symmetric invariant subspace, becomes transversely unstable. We present an analysis and numerical results that indicate that the bifurcation is mediated by changes in the transverse stability of an infinite number of unstable periodic orbits embedded in the chaotic attractor. There are two distinct groups of periodic orbits: one transversely stable and another transversely unstable. The bifurcation occurs when some properly weighted transverse eigenvalues of these two groups are balanced. Our results thus categorize the blowout bifurcation as a unique type of bifurcation that involves an infinite number of periodic orbits, in contrast to most previously known bifurcations that are mediated by only a finite number of periodic orbits. ͓S1063-651X͑97͒08610-8͔ PACS number͑s͒: 05.45.ϩb
I. INTRODUCTION
A central problem in the study of nonlinear dynamical systems is to understand how the asymptotic behavior alters as a system parameter changes. Qualitative changes in the system's asymptotic behavior are called bifurcations, whereas the critical parameter values at which the bifurcations occur are the bifurcation points. The phenomenon of bifurcation is extremely common in nonlinear systems. For instance, chaos typically arises from a nonchaotic state through a series of bifurcations and the number of bifurcations involved in the creation of chaos can be as a few as one or can be as many as infinite. Understanding various types of the bifurcations has been one of the focuses in the study of nonlinear physical systems ͓1͔. Since almost all qualitative changes in the system's behavior are due to bifurcations, it is of paramount physical interest to characterize bifurcations in terms of fundamental quantities of the system. ''There is nothing more fundamental than to characterize a bifurcation in terms of the periodic orbits embedded in the natural dynamics of the system.'' Thus the knowledge of periodic orbits is the key to understand the bifurcation and, consequently, the key to understand the dynamics of the system.
Most known bifurcations in nonlinear dynamical systems involve only a finite number of periodic orbits. Examples include the period-doubling bifurcation ͓2͔ and the saddlenode bifurcation ͓1͔. In a period-doubling bifurcation, a stable periodic orbit of period p becomes unstable and simultaneously a stable periodic orbit of period 2p is created at the bifurcation ͓2͔. In a saddle-node bifurcation, a pair of periodic orbits, one stable and another unstable, is created as the parameter passes through the bifurcation point ͓1͔. Other examples of bifurcations include sudden catastrophic events in chaotic systems such as crises ͓3͔ and basin boundary metamorphoses ͓4͔, which are triggered by the collision of periodic orbits, usually of low period, embedded in different dynamical invariant sets. More recently, an exotic type of basin structure was discovered in chaotic systems, that is, the basin of Wada. Wada basin boundaries are common fractal boundaries of more than two basins of attraction. It was shown in Ref. ͓5͔ that Wada basin boundaries are created by a saddle-node bifurcation on the basin boundary. A direction of intense recent investigation concerns bifurcation in dynamical systems with one or several symmetric invariant subspaces. In such systems, it was discovered that the riddling bifurcation, a bifurcation that leads to the creation of riddled basins ͓6͔, is triggered by the loss of the transverse stability of some periodic orbit, typically of low period, embedded in the chaotic attractor in the invariant subspace ͓7͔. A common feature of all these major bifurcations is that there are only one or a few periodic orbits involved.
The main purpose of this paper is to present a periodicorbit theory for a recently discovered bifurcation in chaotic systems. This is the so-called blowout bifurcation that occurs in systems with a simple type of symmetry ͑see below for a precise description͒. ''Our main conclusion is that the blowout bifurcation is fundamentally different from most known major bifurcations in that it involves an infinite number of periodic orbits.'' We provide a quantitative characterization of the blowout bifurcation in terms of periodic orbits. A short account of this work has been published recently ͓8͔.
A fundamental requirement for the blowout bifurcation is symmetry. The existence of symmetry in the system's equations often leads to a low-dimensional invariant subspace in the phase space. Denote the invariant subspace by S and assume there is a chaotic attractor in S. Since S is invariant, initial conditions in S generate trajectories that remain in S forever. Trajectories off S, however, can either be attracted towards S or be repelled away from it, depending on a system parameter. The transition from the former to the latter situations is the blowout bifurcation ͓9͔. Quantitatively, one can define an infinitesimal vector in the subspace T that is transverse to S. The exponential growth rate of the vector is the transverse Lyapunov exponent, denoted by ⌳ T . When ⌳ T is negative, S attracts nearby trajectories transversely and hence the chaotic attractor in S is also an attractor in the full phase space. If ⌳ T is positive, trajectories in the neighborhood of S are repelled away from it and consequently the attractor in S is transversely unstable and it is hence not an attractor of the full system. Blowout bifurcation occurs when ⌳ T changes from negative to positive values. There are interesting physical phenomena associated with the blowout bifurcation. For example, near the bifurcation point where ⌳ T is slightly negative, if there are attractors off S in the phase space, then typically the basin of the chaotic attractor in S is riddled with arbitrarily small holes that belong to the basin of the other attractors ͓6͔. When ⌳ T is slightly positive, if there are no other attractors in the phase space, the dynamics in the transverse subspace T exhibits an extreme type of temporally intermittent bursting behavior, the on-off intermittency ͓10͔. Recent studies have also revealed that a blowout bifurcation can lead to symmetry breaking in chaotic systems ͓11͔.
In this paper, we present a quantitative characterization of the blowout bifurcation by unstable periodic orbits embedded in the chaotic attractor in the invariant subspace S ͓12͔. In particular, we argue that near the bifurcation, there exist two groups of unstable periodic orbits, denoted by ⌺ s and ⌺ u , each having an infinite number of members, one transversely stable and another transversely unstable, respectively. The sign of the transverse Lyapunov exponent ⌳ T of a typical chaotic trajectory in S is determined by the relative weights of ⌺ s and ⌺ u : ⌳ T is negative ͑positive͒ when ⌺ s (⌺ u ) weighs over ⌺ u (⌺ s ) ͑see Sec. II for details͒. At the bifurcation, the weights of ⌺ s and ⌺ u are balanced. In contrast to most known bifurcations in chaotic systems that usually involve only one or a few periodic orbits ͓2-5,7͔, a blowout bifurcation is induced by changes in the transverse stability of an infinite number of unstable periodic orbits. The number N p of the unstable periodic orbits of period p that change transverse stability in an arbitrarily small neighborhood about the bifurcation point grows as N p ϳe h T p , where h T is the topological entropy of the chaotic attractor in S.
The rest of the paper is organized as follows. In Sec. II, we introduce our periodic-orbit theory for the blowout bifurcation. In Sec. III, we present numerical examples with both one-dimensional and two-dimensional, hyperbolic and nonhyperbolic, chaotic dynamics in the invariant subspace. In Sec. IV, we present discussions. A description of numerical algorithms for computing periodic orbits in our numerical examples is in the Appendixes.
II. THEORY
The basic ingredients for a system to exhibit a blowout bifurcation are the following ͓9,13,14͔: ͑i͒ the phase space contains an invariant subspace, ͑ii͒ there is a chaotic attractor in the invariant subspace, and ͑iii͒ the chaotic dynamics in the invariant subspace is coupled to the dynamics in the transverse subspace. We thus consider the following class of N-dimensional discrete dynamical systems that capture the above three features:
where xR
, N S ϩN T ϭN, and ␣ is the bifurcation parameter. The function G͑y͒ satisfies G(0)ϭ0, so that yϭ0 is the invariant subspace S. The dynamics in S is governed by the map f͑x͒, which has a chaotic attractor. The largest transverse Lyapunov exponent ⌳ T for a typical trajectory on the chaotic attractor in S is given by
where u is a randomly chosen vector in R N T . Assume that a blowout bifurcation occurs at ␣ c . That is, as the parameter ␣ passes through ␣ c , ⌳ T crosses zero from the negative side.
We now qualitatively describe how periodic orbits are involved in the blowout bifurcation. The key observation is that the chaotic attractor in S has embedded within itself an infinite number of unstable periodic orbits and a blowout bifurcation is caused by the change in the transverse stability of a typical trajectory with respect to the natural measure on the chaotic attractor in S. Such a trajectory visits the neighborhoods of the infinite number of unstable periodic orbits from time to time. The periodic orbits embedded in the chaotic attractor are atypical in the sense that they form a Lebesgue measure zero set. With probability one, randomly chosen initial conditions do not yield trajectories that exist on unstable periodic orbits. Invariant measures produced by unstable periodic orbits are thus atypical, and there is an infinite number of such atypical invariant measures embedded in a chaotic attractor. The natural measure, on the other hand, is typical in the sense that it is generated by a trajectory originated from any one of the randomly chosen initial conditions in the basin of attraction. In this sense, chaos can be considered as being organized with respect to the unstable periodic orbits ͓15͔. In systems that exhibit a blowout bifurcation, the transverse stability of a typical trajectory is thus determined by the transverse stability of the infinite number of unstable periodic orbits that the trajectory visits in different time intervals. Among these periodic orbits, some are transversely stable and the others are transversely unstable near the bifurcation. If ''more'' periodic orbits are transversely stable ͑unstable͒, the typical trajectory is transversely stable ͑unstable͒. The bifurcation occurs when there are approximately equal numbers of the transversely stable and the transversely unstable periodic orbits so that on average the typical trajectory experiences an exactly equal amount of attraction towards and repulsion away from the invariant subspace S. Since there is an infinite number of periodic orbits in the chaotic attractor, the blowout bifurcation must then involve the change in the transverse stability of an infinite number of periodic orbits.
To quantitatively characterize the blowout bifurcation in terms of unstable periodic orbits, it is necessary to define the transverse stability of the periodic orbits. Let x 1 ( j),x 2 ( j),...,x p ( j) be the jth period-p orbit embedded in the chaotic attractor in S, where jϭ1,2, . . . ,N p , N p is the total number of the period-p orbits, and
We define the following transverse Lyapunov exponent for this periodic orbit:
, this period-p orbit is transversely stable ͑unstable͒. Thus all the period-p orbits can be divided into two groups: one transversely stable and another transversely unstable. We then introduce the period-p transversely stable and unstable weights
, where N p s and N p u are the numbers of the transversely stable and unstable period-p orbits, respectively, N p s ϩN p u ϭN p , and p ( j) is the natural measure of a typical trajectory in the neighborhood of the jth period-p orbit.
To compute the transversely stable and unstable weights in Eq. ͑5͒, it is necessary to compute the natural measure of a typical trajectory contained in the small neighborhood of each periodic orbit. This measure is roughly the probability that the typical trajectory visits the neigborhood of the periodic orbit. Intuitively, the probability is smaller if the periodic orbit is more unstable or the magnitude of its unstable eigenvalue is larger. Thus we expect the probability of a visit to be inversely proportional to the largest unstable eigenvalue of the periodic orbit. To be precise, we make use of the results in Refs. ͓16,17͔, which relate the natural measure to the infinite number of atypical measures associated with all unstable periodic orbits ͓16͔. For the map f͑x͒, let x p ( j) be the jth fixed point of the p-times iterated map, i.e., f
is on a periodic orbit whose period is either p or factors of p. The natural measure of a chaotic attractor in a phase space region ⍀ is given by
where L 1 "x p ( j)… is the magnitude of the expanding eigenvalue of the Jacobian matrix Df p (x) evaluated at x p ( j) and the summation is taken over all fixed points of f p (x) in ⍀. If the phase-space region ⍀ contains the entire chaotic attractor, then
Although Eq. ͑6͒ was derived under the condition that the map f͑x͒ be hyperbolic ͓18͔, it was conjectured ͓16͔ that Eq.
͑6͒ holds for nonhyperbolic maps as well, which was supported by strong numerical evidence ͓17͔. For periodic orbits of finite period p ͑large͒, the summation in Eq. ͑7͒ is approximately unity but not exactly. Thus we make use of the following normalized natural measure associated with the jth period-p periodic orbit:
indicates that in the limit p→ϱ, the natural measure of the chaotic attractor is precisely characterized by the probabilities of a visit to all the periodic orbits of period p. At the blowout bifurcation point where the transverse Lyapunov exponent of a typical trajectory on the chaotic attractor becomes zero, we expect that the weights of the transversely stable and transversely unstable periodic orbits are balanced precisely. Setting
we formulate the following periodic-orbit theory of the blowout bifurcation:
III. NUMERICAL CONFIRMATION
To confirm our theory, it is necessary to find systems for which all the periodic orbits embedded in the chaotic attractor in the invariant subspace S can be computed. We have thus selected the following maps in S: ͑i͒ the onedimensional doubling transformation, ͑ii͒ the twodimensional Kaplan-Yorke map ͓19͔, and ͑iii͒ the twodimensional Hénon map ͓20͔.
A. The doubling transformation
The full system is the two-dimensional version of Eq. ͑1͒ with F(x n ,␣)ϭ␣x n ,
y nϩ1 ϭ␣x n g͑ y n ͒,
where the x dynamics is the doubling transformation that generates a chaotic attractor with uniform invariant density (x)ϭ1 for x͓0,1͔ and the function g(y) satisfies g(0) ϭ0 and gЈ(0)ϭconst ͑which we chose to be 1͒. The Lyapunov exponent of the doubling transformation is ln 2. There are many choices for g(y), e.g., g(y)ϭy(1Ϫy) ͑the logistic function͒ and g(y)ϭ(1/2)sin(2y) ͓11͔. The transverse Lyapunov exponent of Eq. ͑11͒ is
A blowout bifurcation thus occurs at ␣ c ϭeϭ2.718 28 . . . , where ⌳ T Ͻ0 for ␣Ͻ␣ c and ⌳ T у0 for ␣у␣ c . The behaviors of a typical trajectory of Eq. ͑11͒ are qualitatively different for values of ␣ before and after the bifurcation. For ␣Ͻ␣ c , a typical trajectory has lim n→ϱ y n ϭ0 if there are no other attractors in the two-dimensional phase space (x,y) except the one generated by the doubling transformation in yϭ0, as shown in Fig. 1͑a͒ , where y n versus n is plotted, ␣ϭ2.6Ͻe, and g(x)ϭ(1/2)sin(2y). For ␣Ͼ␣ c , a typical trajectory no longer asymptotically approaches yϭ0 but instead, it can burst away from yϭ0 intermittently, as shown in Fig. 1͑b͒ , where ␣ϭ2.8Ͼe. Figure 1͑b͒ represents a typical situation of on-off intermittency ͓10͔.
The unstable periodic orbits embedded in the chaotic attractor of the doubling transformation can be computed explicitly ͑see Appendix A͒. The eigenvalue of a period-p orbit is 2 p and, hence, the normalized natural measure contained in an arbitrarily small neighborhood of the orbit is identical for all period-p ͑or factors of p͒ orbits ͓Eq. ͑8͔͒. We thus write p ( j)ϭ p . The stable and unstable weights in Eq. ͑5͒ become
To verify our main result, Eq. ͑10͒, we choose a small parameter interval around the blowout bifurcation point ␣ c ϭe and evenly distribute a large number of parameter values ␣ in this interval. For each ␣ value, we compute ⌳ p s (␣) and ⌳ p u (␣) for all the distinct periodic orbits up to period 28. ͑For pϭ28, there are 9 586 395 distinct periodic orbits.͒ Figure where the scaling exponent 0.64 is approximately the topological entropy (h T ϭln 2) of the chaotic attractor of the doubling transformation. Thus, we expect that as the period p increases, the collective behavior of all the period-p orbits, quantitatively described by the transversely stable and unstable weights in Eq. ͑13͒, more and more precisely characterizes the blowout bifurcation. To analytically understand the scaling law, Eq. ͑14͒, we note from Eq. ͑13͒ that ⌬␣ p ϳ͉⌬⌳ p (␣ c )͉ϳ⌬(p), where ⌬(p) is the difference between the natural measure computed from a typical trajectory and that computed from all the period-p orbits. To estimate ⌬(p), we divide the unit interval in which the chaotic attractor lies into N bins so that the size of each bin is ⑀ϭ1/N. The natural measure contained in each bin is ⑀ because it is uniform in the unit interval. There are (2 p Ϯ1)/N fixed points of the pth-iterated map in each bin. Since all periodic orbits of period p of the doubling transformation have the same eigenvalue 2 p , we
Thus we have ⌬(p)ϭ͉(p)Ϫ⑀͉ϳ2
Ϫ p ϭexp(Ϫp ln 2), which gives Eq. ͑14͒.
As we have argued in Sec. II, the fundamental characteristic that distinguishes a blowout bifurcation from other known bifurcations is that it involves the change in the transverse stabilities of an infinite number of periodic orbits. To verify this, we investigate the scaling with the period of the number of periodic orbits that change from being transversely stable to being transversely unstable when the bifurcation parameter ␣ changes from slightly below to slightly above ␣ c . We find that this number increases exponentially with p. Figure 4 shows ln N p versus p for p͓8,28͔, where N p is the number of periodic orbits of period p that change their transverse stabilities as ␣ is increased from 2.70 to 2.73. The plot can be fitted by a straight line with a slope 0.62 (Ϸh T ), indicating the scaling law,
As a comparison, the dotted line in Fig. 4 shows the total number N p of distinct period-p orbits versus p ͑also on a semilogarithmic scale͒, the slope of which is an estimate of the topological entropy h T . We see that the two plots are practically parallel, with the plot of ln N p versus p shifted downward. This indicates that a fraction of all the periodic orbits change their transverse stabilities near the blowout bifurcation. Reducing the range in which ␣ changes around the bifurcation point ␣ c only causes a further parallel downward shift of the plot N p versus p. Due to the scaling law, Eq. ͑15͒, there must be an infinite number of periodic orbits that change their transverse stabilities in arbitrarily small parameter intervals about the bifurcation point. Figure 4 thus strongly supports our claim that the blowout bifurcation involves an infinite number of periodic orbits.
B. The Kaplan-Yorke map
We study the following three-dimensional version of Eq. ͑1͒ with a Kaplan-Yorke chaotic attractor in the invariant subspace zϭ0 ͑the x-y plane͒:
where ␣ and ␤ are parameters. The transverse Lyapunov exponent for a typical trajectory in the chaotic attractor in zϭ0 is The Kaplan-Yorke map in the x-y plane generates a hyperbolic chaotic attractor with a positive Lyapunov exponent ln2. Figure 5 shows such an attractor at ␥ϭ0.4. All periodic orbits of the Kaplan-Yorke map can be calculated explicitly ͑see Appendix B͒. The expanding eigenvalues of all the period-p orbits are 2 p . Choosing ␤ϭ0 ͑a rather arbitrary choice͒, we find that ␣ c ϭ2 is the blowout bifurcation point, where ⌳ T Ͻ0 for ␣Ͻ␣ c and ⌳ T у0 for ␣у␣ c . Figure 6͑a͒ shows the period-12 weights ⌳ 12 s (␣) and ⌳ 12 u (␣) ͑dotted lines͒ versus ␣ for ␣͓6.0,6.3͔. The solid line in Fig. 6͑a͒ is ⌬⌳ 12 (␣)ϵ⌳ 12 u (␣)Ϫ͉⌳ 12 s (␣)͉ versus ␣. We obtain ␣ 12 Ϸ6.3023, the critical parameter value at which the transversely stable and unstable weights of all the period-12 orbits are balanced. The difference between ␣ 12 and the blowout bifurcation point ␣ c is ⌬␣ 12 ϵ͉␣ 12 Ϫ␣ c ͉ Ϸ0.0191, which is somewhat large. This difference diminishes rapidly as the period of the periodic orbits increases. Figure 6͑b͒ shows ⌬⌳ 24 (␣) versus ␣. We obtain ␣ 24 Ϸ 6.283 17 and ⌬␣ 24 Ϸ7ϫ10
Ϫ6 . Figure 7͑a͒ shows ⌬␣ p ϵ͉␣ p Ϫ␣ c ͉ versus the period p for p͓11,24͔. As period p increases, ⌬␣ p decreases exponentially with the scaling law ⌬␣ p ϳe Ϫ0.58p , where the scaling exponent is again roughly ln2, the topological entropy of the Kaplan-Yorke chaotic attractor ͓21͔. Figure 7͑b͒ shows ln N p versus p for p ͓11,24͔, where N p is the number of period-p orbits that change from being transversely stable to being transversely unstable as ␣ is increased from 6.25 to 6.29. We obtain the scaling law N p ϳe 0.64p ͑the solid line͒. The dotted line in Fig.  7͑b͒ is ln N p versus p, where N p is the total number of distinct period-p orbits. This example illustrates that the conclusion that a blowout bifurcation involves an infinite number of periodic orbits is valid for the case where the dynamics in the invariant subspace exists on a twodimensional hyperbolic chaotic attractor.
C. The Hénon map
We now consider the situation where the chaotic dynamics in the invariant subspace is nonhyperbolic. We study the three-dimensional map
where the x-y dynamics is described by the Hénon map at a parameter setting for which there is apparently a chaotic attractor ͓20͔. The Hénon map is one of the very few model systems for which there is a numerical algorithm to compute, in principle, all unstable periodic orbits of arbitrarily high periods ͓22͔ ͑see Appendix C͒. The Hénon attractor is also apparently nonhyperbolic because a rigorous computation of the stable and unstable manifolds ͓23͔ points towards the existence of an infinite number of tangency points of these manifolds on the attractor. All the periodic orbits up to period 31 are computed. The transversely stable and unstable weights are then computed as in Eq. ͑5͒, based on the conjecture that the unstable periodic-orbit formulation of the natural measure ͓Eqs. ͑6͒ and ͑8͔͒ is also valid for nonhyperbolic attractors ͓16,17͔. Choosing ␤ϭ0, we find numerically that a blowout bifurcation occurs at ␣ c Ϸ1.333, where ⌳ T Ͻ0 for ␣Ͻ␣ c and ⌳ T у0 for ␣у␣ c . Figure 8͑a͒ shows the period-12 weights ⌳ 12 s (␣) and ⌳ 12 u (␣) ͑dotted lines͒ versus ␣ for ␣͓1.25,1.35͔. The solid line in Fig. 8͑a͒ is ⌬⌳ 12 (␣)ϵ⌳ 12 u (␣)Ϫ͉⌳ 12 s (␣)͉ versus ␣. We obtain ␣ 12 Ϸ1.279, the critical parameter value at which ⌬⌳ 12 (␣)ϭ0. The difference between ␣ 12 and bifurcation point ␣ c is ⌬␣ 12 ϵ͉␣ 12 Ϫ␣ c ͉Ϸ0.054. Figure 8͑b͒ shows ⌬⌳ 29 (␣) versus ␣ for ␣͓1.31,1.35͔. We obtain ␣ 29 Ϸ1.327 so that ⌬␣ 29 Ϸ6ϫ10
Ϫ3 . Figure 9͑a͒ shows the error ⌬␣ p ϵ͉␣ p Ϫ␣ c ͉ versus the period p for p͓10,31͔ on a semilogarithmic scale. The data can be roughly fitted by a straight line with a slope of about Ϫ0.11, indicating the scaling law
Similar to the cases of the doubling transformation and the Kaplan-Yorke map, we find that the number of the periodic orbits that change their transverse stabilities in the vicinity of ␣ c increases exponentially with the period, as shown in Fig.  9͑b͒ , where ln N p versus p is plotted for p͓15,31͔ and N p is the number of period-p orbits that change their transverse stabilities as ␣ is increased from 1.31 to 1.35. We obtain N p ϳe 0.45p ͑the solid line͒. In Fig. 9͑b͒ the dotted line is the total number N p of all distinct period-p orbit N p versus p plotted on a semilogarithmic scale. Figure 9͑b͒ thus indicates that even when the chaotic dynamics in the invariant subspace in nonhyperbolic, an infinite number of periodic orbits change their transverse stabilities about the blowout bifurcation. The somewhat large fluctuation in Fig. 9͑a͒ is partly due to nonhyperbolicity of the Hénon attractor. It is also clear that nonhyperbolicity causes the scaling exponent in Eq. ͑18͒ to deviate from the topological entropy ͑h T Ϸ0.43 for the Hénon attractor͒, but nonetheless the scaling law is still exponential.
The three numerical examples we have studied above apparently all yield the same conclusion: ''A blowout bifurcation is mediated by a change in the transverse stability of an infinite number of unstable periodic orbits embedded in the chaotic attractor in the invariant subspace.''
IV. DISCUSSION
The main conclusion of this paper is that from the standpoint of periodic orbits, blowout bifurcation is fundamentally different from most known bifurcations that involve a finite number of periodic orbits. A blowout bifurcation involves two distinct groups of unstable periodic orbits with different numbers of unstable directions. Take, for instance, the threedimensional map, Eq. ͑17͒. The two groups are the transversely stable and unstable ones: Periodic orbits in the former group have one unstable direction, while those in the latter group have two. Before ͑after͒ the bifurcation when the transverse Lyapunov exponent of a typical trajectory on the chaotic attractor is negative ͑positive͒, there are ''more'' members in the transversely stable ͑unstable͒ group, quantitatively described by the weights in Eq. ͑5͒. To visualize these two groups of unstable periodic orbits, we plot, for Eq. ͑17͒, the locations of all the transversely stable and unstable periodic orbits of period 23, as shown in Figs. 10͑a͒ and 10͑b͒, respectively, for ␣ϭ1.23Ͻ␣ c ͑before the blowout bifurcation͒. Clearly, there are more transversely stable periodic orbits. After the bifurcation, there are more transversely unstable periodic orbits, as shown in Figs. 11͑a͒ and 11͑b͒ for ␣ϭ1.4Ͼ␣ c . In fact, the sets of all the transversely stable and unstable periodic orbits exist on nonattracting chaotic saddles embedded in the chaotic attractor. As the parameter increases towards the bifurcation point, an infinite number of periodic orbits belonging to the transversely stable group switch continuously to the transversely unstable group. The bifurcation is triggered when the dynamical weights ͓Eq. ͑5͔͒ of the two groups are balanced exactly. Since there is an infinite number of unstable periodic orbits embedded in the chaotic attractor, as quantified by a positive value of the topological entropy, a subset of an infinite number of periodic orbits changes their numbers of unstable directions at the blowout bifurcation. An implication of this scenario is that the bifurcation occurs smoothly as a parameter changes, as quantified by the smooth change of the transverse Lyapunov exponent through the bifurcation point ͓9,13,14͔. We mention that the class of systems investigated in this paper, i.e., chaotic systems with an invariant subspace, mathematically described by Eq. ͑1͒, are of physical interest. These occur naturally in systems with spatial symmetry and in systems such as coupled oscillators that model a large variety of phenomena in physics, chemistry, biology, and ecology ͓24,13,25͔. In order to characterize the blowout bifurcation by unstable periodic orbits, it is necessary to compute the locations of all periodic orbits up to reasonably high periods, which is in general a difficult task. However, we believe that our results are general because our model, Eq. ͑1͒ captures the essential features of the blowout bifurcation ͓9,13,14͔ and our numerical examples include both one-dimensional and two-dimensional, hyperbolic and nonhyperbolic, chaotic dynamics in the invariant subspace. In particular, the Hénon map has been a paradigm in the study of chaotic systems.
Finally, we stress that in this paper, although the periodic- orbit theory of the blowout bifurcation was confirmed numerically by utilizing exclusively discrete maps, we expect the theory to be valid for continuous chaotic systems as well. Our confidence relies on the well-known fact that the dynamics of a continuous flow can be faithfully represented by that of a discrete map on a Poincaré surface of section ͓26͔. It has then become possible for our theory to be tested because certain discrete maps ͑not many of them though͒ allow for the computation of all periodic orbits up to some reasonably high periods. As such, our numerical results can be regarded as an indirect check for the blowout bifurcation in continuous dynamical systems. It would certainly be interesting to be able to check directly the applicability of our theory for continuous systems, but this demands a direct computation of all unstable periodic orbits up to high periods for continuous flows. While certain periodic orbits can be computed for continuous flows such as the Lorenz system ͓27͔, at present we are not aware of any numerical procedure that allows for a systematic computation of all periodic orbits from a continuous system.
